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Abstract
The famous four-colour problem of planar maps is equivalent, by an optimally fast reduction, to
the problem of colouring pairs of binary trees (CPBT). Extant proofs of the four colour theorem lack
conciseness, are not lucid in their detail and require hours of electronic computation. The search for
a more satisfactory proof continues and, in this spirit, we explore one approach to CPBT based upon
the rotation operation in binary trees. We prove that a more satisfactory proof exists if a rotational
path between the two trees of every problem instance satisﬁes our non-colour-clashing sequence
conjecture.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
One of the most famous problems in graph theory is the four-colour problem (FCP) of
planar maps which is to show that every planar graph is vertex-colourable, using at most
four colours. In 1977, Appel, Haken and Koch [1–3] proved the four colour theorem. Their
extremely long proof could not be checked without using hundreds of hours of mainframe
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Fig. 1. A solution to an instance of CPBT.
computing. Moreover, the proof did not provide concise and lucid comprehension of why
the theorem is true. Later papers (see, for example, [11]) hardly improved the situation.
The FCP is equivalent, by an optimally fast reduction, to the problem of colouring pairs
of binary trees (CPBT) [5]. This problem is deﬁned as follows. Let (Ti, Tj ) be any two
arbitrary binary trees of the same size, the problem is to show that there exists a 3-edge-
colouring of Ti and a 3-edge-colouring of Tj such that for every k, the edge adjacent to
the kth leaf (from the left) has the same colour in both trees. Fig. 1 illustrates a solution to
CPBT for one pair of trees.
Our long-termgoal is a succinct and concise solution to theFCP. In this spirit, we describe
an approach to CPBT based on the rotation operation of binary trees [13]. In Section 2,
we show how the colouring problem can be coupled to rotational paths between two trees
and prove that there is always a solution if a particular condition prevails. We believe this
condition is always valid and it is expressed in the non-colour-clashing path conjecture of
that section. We use basic graph-theoretic deﬁnitions [6]. A free binary tree is a non-rooted
undirected tree in which every internal node has a degree 3. Edges with leaves as endpoints
are called leaf-edges.
Lemma 1 (Gibbons and Sant [7]). In a3-edge-colouringof a free binary tree,using colours
a, b and c, the number of occurrences of a, b and c at leaf-edges are all even or are all odd.
From now on, we shall be concerned with free binary trees that are rooted at an internal
node adjacent to at least one leaf. The particular leaf-edge joining the root to this speciﬁc
leaf will be called the root-edge. In all our ﬁgures, the root-edge appears above the root and
other leaf-edges below. For any 3-edge-colouring of a particular treeT, a concise description
of the colouring is given by the sentence, S, formed by the colours (read from left-to-right
in our ﬁgures) assigned to leaf-edges, excluding the root-edge. Notice that all other edge
colours of T follow from S, because each colour must be present at every vertex. From
Lemma 1, the colour of the root-edge is independent of the topology of the tree and can be
deduced directly from S. Thus, in Fig. 1, S = bcbaab for both trees and the root-edges are
coloured a.We say that S colours T and refer to T as being colourable by S.We also say that
T is a-coloured, if a is the colour assigned to the root-edge. The notation C(e) denotes the
colour of edge e. An instance of CPBT is a pair of trees (Ti, Tj ) and a solution is a string S
that colours both Ti and Tj .
2. Rotations and colour-constrained trees
As is well-known [4,10,13], any binary tree may be transformed into any other by a series
of so-called rotations. Fig. 2 shows how the locality of a tree may be transformed by rotating
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Fig. 2. A (clockwise) rotation of an edge e through a vertex v.
Fig. 3. The rotational space for binary trees with 5 leaves.
an edge e through the vertex v. Fig. 3 shows the complete rotational space, R5, for binary
trees with 5 leaves.Rn is a graph in which two nodes (trees) are connected by an edge if and
only if either tree can be transformed into the other by a single rotation. Rn is exponentially
large in the number of leaves (more precisely, the number of nodes of the rotational space is
given by the nth Catalan number). Given (T1, Ti), we consider a path, (T1, T2, T3, . . . , Ti),
in the rotational space Rn. In general, there are many such paths. At this point we need not
be speciﬁc. The idea is to see how the series of rotations associated with the path might be
used to ﬁnd a solution to CPBT for the tree pair (T1, Ti). We ﬁrst consider how we might
generate the solution to CPBT for a pair of binary trees which are of a distance one apart in
rotational space.
Lemma 2. Let (Tr , Ts) be a pair of binary trees which differ by a single rotation (Fig. 4)
and let S colour Ts . Then S is a solution to CPBT for (Tr , Ts) if and only if C(e1) = C(e4).
Also C(e1) = C(e4) implies that C(e′1) = C(e′4).
Proof. There are only three colours available and so adjacency gives us: C(e1) = C(e4)
or C(e1) = C(e5) (C(e4) = C(e5)).
If S is a solution to CPBT for (Tr , Ts), then S colours Tr as well as Ts and from Lemma 1
we obtain: C(e1) = C(e′1), C(e3) = C(e′3), C(e4) = C(e′4), C(e5) = C(e′5). But C(e1) =
C(e′1) = C(e′5)(adjacency) = C(e5) and so C(e1) = C(e4)(= C(e′1) = C(e′4)).
If S is not a solution to CPBT for (Tr , Ts), then S does not colour Tr . However, since S
colours Ts it must colour t1, t2 and t3 (identical in Tr and Ts). From Lemma 1: C(e3) =
C(e′3), C(e4) = C(e′4), C(e5) = C(e′5). Assume that C(e1) = C(e4), then C(e3) = C(e5)
and there would be no colour clashes in the region of e′2 in Tr . It would follow that C(e1) =
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Fig. 4. Solutions to CPBT for (Tr , Ts) require that C(e1) = C(e4) = C(e′1) = C(e′4).
C(e′1), and that, contrary to our assumption, S would colour Tr . It must therefore be the
case that C(e1) = C(e5) and that S does not colour Tr because it would cause C(e′3) =
C(e′4). 
Notice that Lemma 2 also implies (Fig. 4) that if S is a solution toCPBT for (Tr , Ts) then:
C(e3) = C(e5) = C(e′3) = C(e′5) = C(e2) = C(e′2). (1)
It follows from the lemma that the number of solutions to CPBT for (Tr , Ts) is exactly
half the number of strings that colour either Tr or colour Ts ; this is because in Ts , for
example, exactly half the colouring strings have C(e1) = C(e4) and the other half have
C(e1) = C(e4). We deﬁne a colour-constrained tree to be a binary tree in which some of
the edges are partitioned into colour-constrained subsets. All the edges in any one of these
subsets are required to be of the same (unspeciﬁed) colour and any two edges in such a
subset cannot be adjacent. Lemma 2 provides our ﬁrst illustration of a colour-constrained
tree. Given (Tr , Ts) of that lemma, we see all proper colourings of Ts , for example, in
which C(e1) = C(e4) gives solutions to CPBT. Here, the edge subset {e1, e4} is a colour-
constrained subset. Provided that no colour-clash is induced by the rotation (more on this
later), we notice that the proof of Lemma 2 works for colour-constrained trees also: we
require that the same colour-constraints apply in both trees and that in Tr , e′4 and e′5 must
not be in the same colour-constrained subset, otherwise there would be a colour-clash in Ts
after the rotation.We now extend the idea of colour-constraining across a series of rotations
which produce the sequence (T1, T2, T3, . . . , Ti). The idea is that starting from T1, we build
up a series of colour-constrained trees, adding more constraints as we approach Ti . From
the colour-constrained version of Tj , 1 < j i, we can obtain (as we shall see) a solution
to CPBT for all (T1, Tj ). Lemma 2 describes how to proceed and this is illustrated in Fig. 5
in which edges belonging to the same colour-constrained subsets are similarly represented
(as bold or dashed lines). Fig. 5 illustrates a number of points:
• In such a sequence, a colour-constraint demanded by a particular rotation might already
be in place before the rotation occurs. This is illustrated, for example, in going from T4
of Fig. 5 to T5. If, however, the rotation demands a new colour constraint in going from
Tj to Tj+1, say, then the number of solutions to CPBT for (T1, Tj ), given by the process,
is twice the number for (T1, Tj+1). Again, this is illustrated in Fig. 5 by the solutions
being listed below each Tj ; for the sake of brevity only distinct a-colourings are listed
(that is, solutions obtained by interchanging b’s and c’s are ignored).
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Fig. 5. Colour-constraining along a rotational sequence.
• At an arbitrary rotation, from Tj to Tj+1, a new colour-constrained subset can be obtained
in one of these three ways: by merging two constrained edge-sets (one containing e1 and
the other containing e4), by merging a constrained subset with an unconstrained edge, or
by combining two unconstrained edges (e1 and e4). For example, consider the dashed-
edges in going from T3 to T4, here a constrained subset of two edges is merged with an
unconstrained edge.
• If the parent-edge of a rotated edge is colour-constrained just before a rotation (in Tj ,
say), then the parent-edge of the rotated edge after rotation (in Tj+1) is similarly colour-
constrained. This follows from Eq. (1) and is ﬁrst illustrated in Fig. 5 in going from T2
to T3.
• It is possible for an individual edge to undergo several rotations in the same (clockwise
or anticlockwise) direction without experiencing any rotations in the opposite sense.
Even the small example of Fig. 5 shows this: the edge that is ﬁrst rotated (clockwise)
in going from T1 to T2 is further rotated (clockwise) in going from T4 to T5 without, at
other times, experiencing any rotations in the opposite (anticlockwise) sense.
Before we can claim that the colour-constrained Ti will provide a solution to CPBT for
(T1, Ti), we need to prove that any colour-constrained tree produced by the process is indeed
3-edge-colourable. This is not immediately obvious because not every colour-constrained
tree is 3-edge-colourable, even if no two members of the same subset of colour-constrained
edges are adjacent. For example, the colour-constrained tree on the left of Fig. 6 is not
3-edge-colourable.
Lemma 3. Any colour-constrained tree, generated by a series of rotations, is 3-edge-
colourable in linear time.
Proof. We colour the edges in linear-time by conducting a depth-ﬁrst traversal of the tree,
T. At the start of the traversal, the root-edge and all edges in the same colour-constrained
subset are coloured with the same colour (arbitrarily) chosen from the set {a, b, c}. As each
edge, e, is encountered for the ﬁrst time, provided e is not yet coloured, we set C(e) to be a
colour in {a, b, c} not yet used by its neighbours and colour every edge in the same colour-
constrained subset with the same colour. A colour-clash is only possible if every colour in
{a, b, c} has already been used by edges adjacent to e. This, however, is not possible for a
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Fig. 6. The colour-constrained tree on the left is not 3-edge-colourable.
colour-constrained tree generated by a rotational sequence as we shall see.A subgraph Tv of
the colour-constrained tree T induced by the edges in the same colour-constrained subset V
is deﬁned as follows: the vertices of Tv are the endpoints of the edges in V and its edges are
those edges of Twhich have both endpoints in Tv . It is very easy to see that if T is generated
by a series of rotations, then Tv is a connected subgraph of T. Suppose that the right-hand
side of Fig. 6 shows a locality of T just as the edge e3 is about to be coloured and after e1
has been coloured so that C(e1) = a. Either or both of the edges e4 and e5 can only have
become coloured if individually they had belonged to the same colour-constrained subset as
some edge that had already been coloured. Notice that any such previously coloured edge
must belong to one component of T deﬁned by the cut-edge e3 and (e4 and e5) must belong
to the other. Since the subgraph of T induced by any colour-constrained subset is connected,
it follows that any colour used at this step at (e4 and e5) must also be present at (e1 and e2).
There are a small number of ways in which we can colour all or some of the edges (e2, e4,
e5) so that all of a, b and c are adjacent to e3; however, an exhaustive check easily shows
that none of these is compatible with the requirement that colours present at (e4 and e5)
must also be present at (e1 and e2). For example, this is the case for C(e2) = C(e4) = b
and C(e5) = c because c is not present at e1 or e2. 
We have, until now, put aside any considerations of what might be the best path to follow
in rotational space from T1 to Ti . It is easy to see that some paths can yield a sequence
of proper colour-constrained trees, whereas other paths (with the same endpoints) may
encounter colour-clashes. This is illustrated by the small example of Fig. 7. The upper and
the lower portions of the ﬁgure illustrate different rotational routes between the same initial
tree, T1, and the same ﬁnal tree, Ti . In the upper case a colour clash is encountered, whereas
no such clash occurs in the lower route. The following theorem follows from the preceding
considerations:
Theorem 4. If there is a series of rotations deﬁning the sequence of colour-constrained
trees (T1, T2, . . . , Ti) such that no colour clashes occur, then there is a solution to CPBT
for each pair (T1, Tj ), for 1 < j i, given by a 3-edge-colouring of the colour-constrained
tree Tj .
We observe that the successful rotational route of Fig. 7 is a shortest rotational route from
T1 to Ti . We also observe, by inspection of Fig. 3, that the rotational path taken in Fig. 5 is
one of four possible shortest paths. Each of these shortest paths yields no colour clashes,
whereas all the longer rotational paths do. The following theorem shows that this property
is not guaranteed in general.
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Fig. 7. A colour-clashing rotational sequence (top) and a non-clashing sequence.
Fig. 8. A shortest sequence that clashes.
Theorem 5. Consider tree pairs (T1, Ti) such that both T1 and Ti have n leaves.
• If n5, then any shortest path in rotational space from T1 to Ti deﬁnes a rotational
sequence inducing no colour-clashes.
• If n6, then there exists at least one speciﬁc tree pair such that every shortest path
from T1 to Ti induces a colour-clash and such that the length of a shortest path is a
monotonically increasing function of n > 6.
Proof. For n5, an exhaustive check of the cases (Fig. 3) soon proves the fact. For n6,
we construct examples that satisfy the theorem. Consider ﬁrst n = 6 and the particular T1
and Ti as deﬁned at the extremities of Fig. 8. The rotational path of this ﬁgure is of length
5 and all other paths between this pair of (T1, Ti) are of greater length, as an exhaustive
check shows. The path induces a colour-clash as indicated in Ti of the ﬁgure. Given this
6-leaved example, it is an easy matter to construct arbitrarily larger examples. Fig. 9 shows
such a construction, for all n > 6, in which the single shortest path is of length (n − 2).
The ﬁrst (n − 7) steps are non-clashing and consist of right-rotations of leaf-edges under
the root-edge. The 5 ﬁnal steps replicate the sequence of Fig. 8 within the left subtree of
the current example, inducing a clash in the ﬁnal step. The instance of the CPBT problem
of Fig. 8 is a particular case of a general class of initial and ﬁnal tree pairs for which how to
construct the shortest rotational paths is known. We refer to [9], where one tree must be a
degenerate tree (deﬁned as a binary tree, in which every internal node has at least one leaf
as a child) and the other tree must be a right (respectively, left) angle tree which is deﬁned to
be a degenerate tree in which every internal node with a left (respectively, right) child that
is a leaf, is an ancestor of every internal node that has a right (respectively, left) child that is
a leaf. The initial tree of Fig. 8, for example, is a right angle tree and the ﬁnal tree is a left
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Fig. 9. A shortest sequence that clashes in arbitrarily large tree pairs.
Fig. 10. A non-clashing sequence for the tree pair of Fig. 8.
angle tree. A polynomial-time algorithm is described in [9] which always ﬁnds a shortest
rotational path between a degenerate tree and an angle tree. The construction conﬁrms that
Fig. 8 deﬁnes the shortest path. That the ﬁrst (n− 7) rotational steps in Fig. 9 deﬁne steps
on the shortest rotational path follows directly (for example) from the result of [13]. This
is equivalent to the following statement: if it is possible to rotate an edge in the current tree
to its correct position, with respect to the ﬁnal tree, then there is a shortest path from the
current tree that starts with this rotation. This is exactly what happens at each of the initial
(n− 7) steps. It is also easy to see, in this case, that there is only this one shortest path over
the ﬁrst (n− 7) steps. 
Theorem 5 shows that shortest paths do not guarantee the absence of colour-clashes.
However, where colour-clashes do occur along shortest paths, other paths may yield colour-
clash-free routes. For example, Fig. 10 shows such a path for the initial and ﬁnal trees of
Fig. 8. In fact, we have been unable to construct an example that would falsify the following
conjecture:
Conjecture 6 (Non-colour-clashing Sequence Conjecture). For any pair of binary trees,
(T1, Ti), there exists some (simple) path in rotational space deﬁning a rotational sequence
inducing no colour-clashes.
It is a non-trivial matter to produce a theorem supporting the non-colour-clashing con-
jecture. However, if such a proof also yielded a linear-time algorithm to ﬁnd such a path,
then we would have a linear-time algorithm for four-colouring planar maps. This is because
the reductions between the FCP and CPBT are linear-time [5] and because of Lemma 3.
Although the rotational space is of exponential size, for some speciﬁc tree pairs we know
how to construct a non-colour-clashing sequence in linear-time. We illustrate this in what
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follows. Here the non-colour-clashing sequence is also a shortest sequence.A right (respec-
tively, left) spine is a binary tree inwhich every internal node has a leaf as a left (respectively,
right) child. Let Trsp denote the right spine with n leaves and Tarb an arbitrary binary tree
of the same size.
Theorem 7. There exists a solution to CPBT for any pair of the form (Tarb, Trsp).
Proof. Starting from Tarb, the simple strategy of rotating an edge onto the spine (increasing
the length of the path from the root to the right-most leaf) at each rotational step will, after
at the most n− 2 steps, produce a proper colourrestricted Trsp. To see this, we observe that
at any step, all the colour-constrained edges are either on or are adjacent to the path from the
root to the right-most leaf in the partially-constructed right spine. This excludes all edges
yet to be rotated. Thus, each edge, just before being rotated is not colour-constrained and
so no colour-clash can occur at rotation. 
3. Summary and further work
We have described a novel approach in the search for a concise and lucid proof of the
problem of colouring pairs of binary trees (CPBT). We proved that a solution to CPBT is
possible, for any instance, provided that a rotational path exists between the two trees of
the instance which invokes no colour clashes. We believe that such a rotational path always
exists and this is embodied in the non-colour-clashing sequence conjecture. How such a
sequence may be found is an open problem. The problem may be hard. At this time, for
example, it is not known how to ﬁnd a shortest path in polynomial time, indeed the problem
might be NP-complete. In [8], the authors prove that the problem of ﬁnding shortest paths
using rotations and so-called twists is NP-complete but the proof does not carry over, as the
authors state, for rotations alone. In [12], the author describes an O(n log n)-time algorithm
to ﬁnd a short path between any two vertices in the rotational space Rn. Even if the shortest
path problem is NP-complete, it may still be possible to ﬁnd a satisfactory proof of the
problem of CPBT through the rotational approach. An aspect of exploring a solution to
CPBT would be opened up by knowledge that every 3-regular, 2-connected planar graph
always contained some standard form for one of the trees in a (Ti, Tj ) decomposition. If, for
example, one of the trees could always bemade to be a spine, then wewould have solved the
Four-Colour Problem (FCP) through one of the lemmas described in the text (it is easy to
observe that the particular notion of the spine here does not itself work because any 4-edge-
connected 3-regular, 2-connected planar graph, G, cannot have any such decomposition
because such decompositions require 3-edge-connectivity of G).
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